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INVESTIGATION OF SELFSIMILAR SOLUTIONS DESCRIBING FLOWS IN MIXING LAYERS

V.N. DIYESPEROV

A complete investigation is made of the selfsimilar solutions of the
boundary layer equation for the stream function with zero pressure gradient.
They are a good description of the flow pattern in mixing layers since
far from the separation point the latter is formed mainly under the effect
of the boundary conditions and depends slightly on the initial conditions.
The selfsimilar function ® ({;m)({ 1is the selfsimilar variable, and m
the selfsimilarity parameter) satisfies a well-known third-order non-linear
differential equation. It is successfully reduced to a first-order
equation /1/, which enables us to investigate the behaviour of all the
integral curves of ®({;m) and, in particular, the examination of the
question of the existence and uniqueness of the solutions of the two- and
three-point problems that occur in the theory of displacement layers.
For m=1 these are classical problems /2—4/ and the Blasius boundary
layer problem and for m=2 the Goldstein problem for the wake /5/.
The mixing layer encountered in the theory separations /6—11/ refers to
the case me(1,2]. The case m= o occurs in the theory of non-stationary
separation /12/.

From the viewpoint of the behaviour of the integral curves, the
cases m>1 and 0<ms 1 differ substantially. For 0<m<{{ their
pattern is reformed in such a manner that solutions describing the flows
in mixing layers with reverse velocities do not occur. Examples of the
latter are given in /13, 14/.

To a first approximation the flow in a mixing layer is described by the equation for the
stream function

3y 859z 9z o " ap 1)

For an incompressible fluid A = 1. For a gas A =0/R?® (0) in the theory of local
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separation, where R (0) is the value of the density at the point of separation and 6 is the
Chapman constant in the linear dependence between the viscosity coefficient and the temperature.
The (x, y) system of coordinates is orthogonal. Its selection depends on the problem under
consideration.

The solutions of {1) are represented in the class of selfsimilar solutions in the form

‘b:m_:/,xmk@(;), L= :lf:y/‘xl!(mu), m>0, }\,(,)—-—_:m/(m e i)
A non-linear third-order differential eguation is cbtained to determine @ ():
m—1

Q2 — DY =" )

The flow in a mixing layer originating during the interaction of two streams, one of
which (the upper) moves while the other is at rest, is described by (2) and the three boundary
conditions

D=b" .. >+, b>0 m=>0 (3)
D=0 =0 {4
d®/df ~» 0, { —> — oo 5)

Problem {2)-(5) for m = 2 arises in both the theory of local separation from a smooth
surface of an incompressible fluid (A =1)/7/, and in a supersonic stream /6, 9/. Separation
from the angular point of an incompressible fluid (h = 1) corresponds to m =3%; /8/, and a
gas at sonic velocity m =7%s /11/. For m =1 the classical Chapman problem is obtained
/47,

If

dEO/dE =0, [=0 (6)
is required in place of conditions (5), then the two-point problem (2)-(4), and (6) will be a
generalization of the problems /13/ (m =3), /5/ (m = 2) on flows in wakes.

If the requirement

Q=b (—O)™+..., L——o0, b<0 )

is imposed in place of conditions (5), then (2)-(4) and (7) will be a generalization of the
problems /2/ for m =1 and /10/ for m = 2. They describe flows in mixing layers that
separate two parallel streams moving to one side at different velocities.

The order of Eg.(2) is reduced if we set

f = A0/ (PO == fdf/dE, &® O/dF = f [(df/dE) + fd*/dEY, E = @)

To determine f(§) a second-order differential equation is obtained with the boundary
conditions

i+ —2=Li—0 ®
=)= E— P+ O[E—)Y], E—ec<O ©
f = mbymEm-1ym . M'_Ti.‘);_(‘zlﬁ pa/mE-aim | (10)
0@ +9m) + Dyfmexp | — 2o pmeom] 4,
-+ oo, A= — —————zm;_:méi—;f » Di= const

Condition (10) corresponds to (3}, and (9) corresponds to {(5). It is required to find
a doubly continuous differentiable solution [ (§), §< (¢, o0} of (8) that satisfies conditions
{8) and (10). It follows from the group properties of problem (8)}~(10) that if its solution
exists and is unique, then the quantities ¢ and b are connected by the relationship k=m
(=)t n/mpl/™  yhere k is some constant dependent on m.

The order of Eq.(8) is reduced, in turn, if the following substitution is made

= BF (L), tdF/dt =¥ (11)

We hence obtain
F‘}’%z—_(‘{’3+7F‘}’+6FZ+‘P’+ mt1 F) (12)
=t t2p), =2y 2ELF) /F )

T =PF(Y +2F), SR —_wF(v+ 2ELF)

m
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The right-hand side of (12) and the numerator in the second formula of (13) are second-
order polynomials. We denote them, respectively, by P (F, ¥) and R (F, V).

In order to construct a pattern of the behaviour of the triply continuous differentiable
integral curves ®({), as well as their corresponding integral curves f (), it is necessary to
study the nature of the singular points of (12) and to find what requirements the integral
curves ¥ (F) must satisfy in order to satisfy the boundary conditions posed. Eg.(l2) has
three singular points

A(0,0), B(0, —1), C(— ,,.6.;1 'O)

in a finite part of the plane (F, ¥) and three infinitely remote points.

We connect each point of the plane (F,¥) to the centre of the unit hemisphere (located
symmetrically about the plane and touching it at the origin) and we therefore set it in
correspondence with a point on the hemisphere. Consequently, each infinitely remote singular
point of (12) is stratified into two identical points on the equator that are symmetric
relative to the centre. Those in which the curves enter or depart for V¥ <0, we denote by
Q.E,G, and for ¥ >0 by @, E, G,

The hemisphere is then projected on to a circle (see Figs.l1—3). The axis F=10 and
the integral curves can only pass through the singularities.

The curve P(F,¥)=0 for m=+Y, is a hyperbola at whose points d¥/dF=0. For m>Y; its
branch P; passes throhqh the points C and B, and Py through A. At points of the curve R (F,
¥)=0 which is a parabola and dissociates into the branches R, and R,, d/dt* vanishes (for
m=1 the parabola degenerates into two parallel lines ¥ = —2F, ¥ = —2F —1). The branch &,
always passes through the point B. The points on the curve P; (or R; will be denoted by
(F-'Ppi)- As F—»0 and [F|— o for. "’p‘ (F) we will have

d¥p JiF =—1,—6, |F|-o0

6m —1 5m—1
¥p =l F— s

4., F=0

F-}--—m—,—F'-{-..., F-0

We denote the domains in which d¥/dF <0 by Q= {F >0, P(F,¥)<0} and R, ={F<0,¥>0,
P (F,¥) <0}

We will now study each singularity separately.

The integral curves at the point A in a certain neighbourhood belong either to @ or Q,.
1f (F, ¥)=Q then a non-denumerable set of integrable curves enters the point A along the
critical direction W= —(m + 1)/mF. Let p(F) be one of them. Then as F-—>0 the following
asymptotic relations /15/, /16/ will hold:

‘F:p(F)—i—DoF"'exp[———m:_—iF“]+... (14)
pH=—"Flp (=00 py oy
—5
%o = %— , Do= const
If m=1,2, then ¥ = —2F, ¥ = —3/,F are exact solutions of (12). It is hence most

convenient to take them as p (F).
If F— 0 the following inequalities hold for the solution (14)

Yo, \)<¥ (F)<¥p(F)<0, m>1
Y (F) <V¥p (F)<¥p(F)<0, 0<m<1

1f (F,¥)& Q,, then a single integral curve that we call exceptional and denote by W4*
enters A.

The asymptotic behaviour of the solutions (14) for £ >0 corresponds to (10) in the
plane (§,f). As {— +oo we will have in the plane (§, @)

O=b(+Lygn— E=DED @y Lyt 0 + Ly 4 )
D&+ tapeexp [ — o G+ ™| + ...
u,:-—am—’:—i";;l’; D,s, Iy, is a const

The point B is a saddle point. A single holomorphic curve representable by the following
expansion as F— 0 /17/ passes through it for any m >0

Ye—t4 VoF =—-501 (16)

k=1
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k
1 2
by (2542 + 70+ 6], b=y [EFE 3 bacsbeons +

n=2

7b,,_1], k>3 T=Y(F>0), Y=¥"* (F<0)

The integral curves (9) correspond to it in the (&, f) plane for ¢ 0, and in the ({, @)
plane as c¢{— +oo

O=c— (signc)expl—c (G +)+...,f>0 th)
®=c+ (signc)expl—c €+ ) +...,f<<0; lp= const

For m > m, the singular point C is a focus. To a first approximation the integral
curves in its neighbourhood behave thus:

—_— m+17 _
]/u’+w’_hexp[ 7 q>], h = const
u=2m+NY+m-+7p; w=up, %=23m2+ 34m—25

1 — 1741276 1
p=F+-"_‘6—:_-' m*=—:2-§—L>T

Here ¢ is the polar angle in the (u, w) coordinate system. In the (8, /) plane we will
have as |E|—> o

f=—2tL e | [Cisin(yIn|E]) + Cacos(yIn|E ][0 +. ..

_3(m—1 . V=
= TmFn’ TS T

and in the ({,®) plane as [,
O =2 E =)+ [Cosin(vIn|t— LD+
Cocos(pIn|E— L] | — Lo+ ...

Here and henceforth, { with a subscript is a certain finite value of [, while C with a
subscript is a constant.

q, a,
m=1
F
&
L AN
EAN
D 6 4‘5
E
x5
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Fig.3

For 0 < m< m, the point C becomes a node.
neighbourhood had the form

In the ({,®) plane this yields as

Therefore, incidence of an integral curxrve at the point C means that the solution will
in the neighbourhood of a certain .
we make the following change of

behave as @ (§) = O [{{ —L) ]
To investigate the infinitely remote point E (and E,),

variables in (12)

ANS

¥
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The behaviour of the integral curves in its

6 m+1
R e ol
= dap (P ZEEEN L = const
8 m+1 m+T4+Y—=%
Yo (P4 P ) o = R

t—t

Clt—L 4., M=h

op_m=t __ 1
m

Consequently we obtain the equation

For 0t <r(Cg)

t

’

to— )25 t+1)3_:’= -5 42004 O

6;

O= T =)+ Gl L= Colt =L Mok
- 6

O= T G — L)+l =L Ml L= L+

c—1

V=—

5m — 3

ot 4

2m —1 —1 —1
(2m ”)"(m )t,_l_ mm to?

(r (Ce) is the radius of convergence) /17/

o= ) dyt*/3; dy=Cg is arbitrary

k==l

d,=——3CEa, d,=—%e,~—

2

k—8
de=5=7 [Tek"‘ Tm
m4d =kt g

3m—-2
m &

m—1 (k—6)ers —

2m —1) (m — 1)

2m

ms

its solution can be represented in the form of a convergent series

#
55-,4] y k>4 o= digdiin
i=

(18)

19)
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The solution as t—0,f< 0 is constructed analogously. Therefore, the point E is a node.
If the solution (19) is separated into two parts

6= Cgt""J (Cg, t) -+ J, (CE, t)
leif?-;:—ltk, Jz_Zdut 0Lt <r
=0
it can be shown that
J1(Cp, 8y =J1(—Cry t), J2(Cg, t)=J2(—CE, 1)
doy (Cx) =dox (— Cg), i1 (CE) = — darss (— CE)

It is now necessary to find the relation between F and §. We introduce a new function
T by setting ¢t = 1% We obtain the equation

g—jg- —=t—10(t), o()="CgtJy(Cr, ) -+ J3(Cr, 12) (20)

from (11) to determine v = 7 (§).
According to the Briot-Bouquet theorem /17/, it admits of a denumerable set of holomorphic
solutions possessing the property Tt (§)—0 as E&—0

T =§k§o ¥ =Ex (a0, Cr, E), 0<|E|<< R (aq, Cx)

where a5 0 is arbitrary and R (a,, Cr) is the radius of convergence of the series.
It follows from (20) that if =, (§, Cg) is a solution, then there exists a solution w,(E,

Cg) such that 7, (§, Cg) = —7, (8, — Cg). For fixed Cr=a>0 and £>0 we take T, = Ex (a,
a, t), a, >0  for the integral curve (19). If Cg=f<<0 and §<C0, then we set the integral
curve (19) in correspondence with the solution T, = —&x% (@5, — B, §). ~Now if we set q, =a,,
f = —a, then 1, = —v, 0<|E]<R. We hence obtain by using (1l1), (18), that
1 1 - 1 —1
f1=-2‘[m Ez+x2(a’01a’)§)]: f2=T[m—m_§z+

e a )] fi=h 0<IE<R

Therefore, the passage from the integral curve (19) with the value Cg = P<<0 to the
integral curve (19) with the value Cg=a = —f >0 through the point E in the (¢, /) plane
means that under the condition of continuity the appropriate integral curves f(E) of (8)
analytically continue the axis §= 0 at the point (§=0,f=7(0)50) for f(0)s 0, Discontinuous
solutions of (8) at §=0 are not considered. In the ({, ®) plane the solution will behave
as follows as [ — (,:

(c—ce)+—a<§ L+ B G et e

Conversely, each triply continuously differentiable soltuion @ ({) in the neighbourhood
of the point { =4, ® =0 with d®/dl,> 0 is mapped into the corresponding neighbourhood of
the point E by two branches of the integral curve (19) with Cg=a >0 and Cg=§=—a<<0.

If p#—a and the first derivative @' () is continuous, then the second derivative @”({),
will undergo a discontinuity on passing the point E. Now if the integral curve (19) is set
in correspondence with the function 1, for €z >0 and &< 0, then the second derivative
@ () will be negative for { = (.

The solution of (2) in the neighbourhood of t,, Wwill behave as follows on passing the
point E4:

ag? a5 —_1
O=— (= Le) + 7 Cr, € — L)'+ "2z ),4 L () L (22)

The sign of the second derivative ®"({) depends on the sign of the arbitrary constants
e +0 and Cpg.

We denote the integral curve issuing from E for F>0 and described by (19) with Cg=0
by W¥z. Its behaviour in the neighbourhocod of {, is described by the expansion (21) with a=0,
The curve ‘F’E'.is introduced analogously. Corresponding to it in the neighbourhood =1, is
(22) with Cg =o0.

The singular point G (as wll as G,) is a saddle point. For F>0 a single holomorphic
curve

m— 2

;‘I’G=—-%F+ Z=40(F?), F—+ oo, m>0
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issues from it.
We will have, respectively, in the (§,f) and ({,®) planes

N 2(m—2
f=cafh+ 23" ey L gm0, €,>0 @)
—2
®=CAE— T+ Tgom O G — T e L0
—2
O=—CAE— )+ gom CAE— Ll +enn E—T—0

The singular point Q (as well as @Q,) is a node. The integral curves in its neighbourhood
are representable in the form

v=S0_14..., Fo0 (24)

As E—>c0 in the plane (§, f), the function f(E) will behave as follows:
2C, s
f=4__cz[_ct(§—c)] — X —o+...

If §>e¢, then Cgpe>0. Otherwise Cpe <0, In the ({, ®) plane this means that the
point Q corresponds to a local extremum point of the analytic solution

Omct —F Lt — St (2)

It follows from the relationships found that the constant € in (24) should be kept as
the axis F=0 is crossed. For instance, let the integral curve (24) be incident at the point
Q with ¢;<0 as F—40. To obtain the analytic solution (25) at the point {=1{; it is
necessary to go from @, along the curve (24) with (¢, =Cy as F—-—0. Only such continuations
of the integral curves incident at Q or at @, will be examined below, and the "internal" tran-
sition from @ (Q.) to Q¢{(Q) will itself be denoted as @ (Q,) — Q4 (Q).

Therefore, if the integral curve W (F) is incident for F >0 at the singularity & for
£>0, then conditions (3) and (l0) are satisfied, and (5) and (9) will be satisfied if the
integral curve is incident in B for £ <<O0. Passage of the points E or E by the integral curve
¥ (F) means that its corresponding 1ntegral curve @ () intersects the [ axis. If the
points E and E, are reached along ¥g and ‘I’x, then @ (f)y and d*Q@/df* vanish simultaneously.

Let us investigate the boundary value problem (2)-(5). The integral curve ¥,* issuing
from the point B with f<{0, will always be incident at a point C for 0<m << oo (Figs.1-3).
Consequently, we consider the behaviour of the curve ¥, described in a certain neighbourhood
of the point B by the expansion (l16). As F-—+ (0 the integral curves ¥; will behave in the
G P and (&, 5 planes according to (17) and (9) for ¢3£0, and assure satisfaction of
condition (5). We will first assume that m > 1. The following inequalities hold at the
point B

d¥p av \PR. i
<7 < (T<’"<°°)

It therefore follows that ¥, issues from B located above P, and below R;. From the Cauchy
existence and uniqueness theorem it follows /17/ that ¥, (F) > ¥p (F) when F & (0, +o). Both
branches of the parabola R; and Ry are incident at E as F — oco. The inequalities

d‘!’Rl d‘l" d‘PR.
dF < <0 GF< <0

hold at the points (F,¥g) e Q.

Their satisfaction means that ¥, <<W¥g for all F>0. The curve ¥, does not coincide
with ¥g since the latter is between R, and R, in the neighbourhood of E. By virtue of the
Cauchy theorem ¥y cannot emerge from the domain Q, As F— 0 it is incident at the point
A. Consequently, all the integral curves issuing from A below ¥y are incident at the point
E. The curve ¥ in the neighbourhood of the point G is located below P, It follows from
the Cauchy theorem that ¥p>W%¥e for all Fe& (0, ©) and ¥ will enter 2 as F—0.

In the neighbourhood of the point E the curve ¥; is described by the expansion (19) with
a certain fixed Cg = fi, << 0. All the integral curves issuing from A and located between Wg
and W¥g are incident at the point E. Among them we extract the curve ¥, with Cz = a4 = —f,.
We let K denote the curve comprised of the branches ¥; and W,. In the (§, f) plane integral
curves in the class of twice continuously differentiable solutions of the problem (8)-(10) and
issuing from points (¢, 0), c<< 0 with asymptotic form (9) passing through the axis f =0 and
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having the asymptotic form (lO) as E—- oo, correspond to it. If the constant b >0 is given,
then a single curve is extracted from this set of integral curves f(§), to which the solutions

@
S f’fé) ={+L, >0, ¢<{@®< o0, c< 0 (26)
0

correspond in the ({, ®) plane.
The automatically satisfy conditions (3) and (5). As {-—» —o9 the first formula of (17)
with

c

will be valid, while for §{— 4o we will have (15) with

@ ' .
ta=— S [ e mbY/ Mg (m-1)/m ]d§ +L
0

The displacement thickness of the mixing layer is related to the value of the constant
ls. Only one out of all the solutions (26), with L =0, will satisfy condition (4). Since
the curve K lies completely outside the parabola R, and the line W = —2F is within it, it
follows from relationships (1l1l) and (13) that

df a3 . 4o d®

_EE_>07 '_da_z<01 E,E(C, oo), E>O, —dg’ >0

LE(—oc, + o)

We will now assume that !, <<m<{1 (Fig.2). As F — — oo the branches of the parabola

R are incident at the point E,. When m =1, it dissociates into two lines, W, = —2F and
Yg, = —2F — 1. It follows from the inequality d¥/dF << -2, that holds at points of the line
¥ = _2F — 1, that ¥, is incident at E located below ¥ = —2F — 1 connecting B and E. The
curve ¥, from the point E is incident at the point A intersecting the line ¥ = —2F, which

means a change in the sign of d*® |d{* from positive to negative for a value [ = {, such
that @ () > 0. The first derivative of the solution is @' ({)>0. The behaviour of the
third derivative is given in (13).

The value of the constant k¥ is found from the formula

=2 exp {202 GSO["%T + ) ()

m

X(\y)__.z-(mﬂ)/zmexp{_ m+14 S[%"‘Tip‘]dﬁ‘—

m
1
{ [t + o

For m=1, (Fig.l) the solution ¥ = —2F —1 passes simultaneously through the points
E,B, C,E,, 1Its part ¥, describes the esca;;e of a plane jet from an orifice /18/. When Ys<
m<1/2, the cuxrve V¥; is incident at E, then at Q. Its continuation emerges from @, and
is incident at C. For m=1; we have ¥,=Y¥,;= —3F/2—1 and ¥, is incident at G. For 0 < m<

Y5 the curve ¥; is incident at @,. Its continuation from the point Q 1is incident at C.

Therefore, for m>1/, and a given quantity 5> 0 the solution of problem (2)-(5) in
the class of triply continuously differentiable functions exists and is unique. There are no
solutions for 0<<m <Y,

Let us consider problem (2)-(4) and (6). For m =1, the curves Vg and ‘I”E, coincide
with the line ¥ = —2F —1 (Fig.l). If O0<m=Y, then they are incident at the point C.
For Y,«<<m <1 the curve ¥r emerges from the point E below ¥ = —2F — 1. It follows from
the inequality dW¥/dF <C —2, that holds at points of ¥ = —2F — 1, that ¥z;> —2F — 1 for all
F < (0, ). sSince the inequality d¥/dF > —2 holds at points of the line ¥ = —2F, then
¥ << —2F when F & (0, o0). As F-»0 the integral curve ¥, is incident at 4. The final
solution is given by (26) with L = 0. Hence

D(E>0, D()>0, " () <<0, 0<< << oo

In the neighbourhood of [ =0 the solution is described by the expansion (21) (¢, =0,
& = 0) and satisfies conditions (4) and (6). As [-» oo condition (3) is satisfied. For
0<m<<1 the curve ‘I»’?;: is incident at the point C since it lies below, the exceptional
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curve Ws*. The latter issues from the point A, reaches the point E, and lies above the

line ¥ = —2F. This results from the inequality d¥/dF < —2 that holds at points of the
line ¥ = —2F,
For m =1 the curves ¥y and ¥E, coincide with the line ¥ = —2F (Fig.2). 1In the

physical plane the solution becomes trivial @ = (q2{)/2. For m>1 (Fig.3) the curve V¥g
is always incident at the point A and formula (26) yields the solution of the problem for

£§> 0+ The connection between the constants g, and b is given by the formula ap ! =
(/) Dpl/ M) yhere k; = ¥ (Wg) is a fixed constant obtained from the solution of (2)-(4), and
(6) for ay=1 1in (21). The curve ‘FE‘ lies above Ws* and is incident at Q, as F——0.

Its continuation ‘I’QEA issues from Q, passes E and is incident in A. We denote the union

of the integral curves ‘I’:;. and ¥Ygea by ¥z, and, for convenience, also call it a curve
since the points @, and Q are identical.

The curves @ ({) corresponding to ¥g, and satisfying the conditions of the boundary
value problem (2)-(4) and (6) behave as follows.As {— +0 they are described by the expansion
(22) with L, =0, Cg, = 0. wWhen { reaches the value {,>>0 the derivative d®/d{ changes
sign from negative to positive. 1In the neighbourhood of §; the solution is described by
the expansion (25) with Cy<C0, ¢<C0. Then it vanishes at the point {, and satisfies (15)
as {— +o . From the group properties of (2), (8), the relations

a(;l = (%)l_u.bx'v ;q, e= aOZQ. e AU3= (m + 1)-1

follow.

Here k,, Eq, . arxe fixed constants obtained from the solution of problem (2)-(4) and (6)
when @, =1 in (22). If f;(§) denotes the solution of (8) corresponding to W¥g, for F <0,
and f, (§) denotes the solution for F >0, then the integral curve in the (§, ®) plane will
be described by the formulas

1

[
t={7% c<O<O 0<I<L t@=1 @7
0

dg

€=Cq+ NG C<CD<°°1 §q<c<°°

<D
c

It is seen from (27) that { is a monotonic function if we move along the curve ¥y, from
E, to A and one value of @ corresponds to each value of [. The second derivative @ ()
is positive everywhere. The function @ ({) inverse to (27) yields the solution of problem
(2)-(4) and (6).

Therefore, integral curve @ ([} exist that correspond to both ¥r and Wg, and yield a
solution of the boundary value problem (2)-(4) and (6). Its non-uniqueness was first indicated
for m =3 in /13/. The problem is investigated numerically in /14/.

The uniqueness can be ensured if the additional requirement @' (0)>0 /1/ is imposed
on the solution since from (22) we have @’ (0) << 0 for the curve Vg,

It follows from the above that for a given b>0 the solution of problem (2)-(4) and
(6) in the class of triply continuously differentiable functions exists and is unique for
Yo<m<1. For m>1 two solutions exist. One is characterized by a positive first
derivative d®/d{>0, 0< {<{oo. The other is the presence of a domain [0, &)s {E=>0 in
which d®/d{ < 0. Consequently, a unique solution can be extracted by using an additional
demand, namely, giving the sign of the derivative at zero /l1/. There are no solutions for
O<m < Y,.

We will now examine problem (2)-(4) and (7) briefly. For 0<m<Y, it has no solution.
For Y3<m<1 the curves issuing from A below ¥, are incident at E and then return back to
A (Fig.2). They yield the solution of (2)-(4)and (7) with d®/d{>0. By using the selection
of the constants Cp a solution of the Lock problem formulated in /3/ can also be constructed.
For 1< m<2 solutions besides those mentioned above still exist that satisfy conditions
(3), (4) and (7). This is part of the curves (but all for m=2 that emerge from A below V¥,
but above ¥, (Fig.3). They pass E, are then incident at Q@ —@Q,, £, and return back to A through
Qs —Q,E. For m>2 there are also those curves that, issuing from the point A, are incident
at E then at @@, and return back to 4. For 1<m<2 the curve ¥% continued by ¥og,
also yields a soltuion of the problem if 5, >0 and its magnitude is in agreement with b.

It describes a mixing layer that separates two parallel streams moving on different sides at
different velocities. The solvability of (2)-(4)and (7) for arbitrary &>0 and b <0 is not
investigated here.

We merely note that the curve ¥; yields the Blasius boundary layer solution for m = 1 (Fig.
2) .In the neighbourhood of { = 0it behaves as (23) with {g=0,{>0, and as (15) as {-—oa.

In conclusion, we consider the solution of (2) when m= o and
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R (28)
is required instead of (3).
Problem (2), (4), (5) and (28) arises in the theory of non-stationary separation /12/.
We will show that its solution exists and is unique. The nature of the singular points of
Eq.(12) does not alter for m=oco. For (Cp=—1/)3,E<0 and Cp=1//2, £>>0 we obtain

1 1 —

Spa=— g [BEVIE T2, Y,=—F5[+4FVITF]
_ ok o 1 &

Hm“qzvf;zg:ﬁa' he=Tphe=g+tg ., 4>0

It hence follows that f,=f for all § We find from the boundary condition for ()
as {-— 400 that d=1. From (26) with L=0 we obtain the solution O=e£—-1 /12/. It is
unique since the curve ¥* issuing from B with f<« 0 is at once incident at A. The solutions

0=—d‘1(exp C_dc" +1), d==0

which do not satisfy the boundary conditions, correspond to it.
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